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The existing duality between topological and bornological vector spaces allows us to deﬁne
bornological objects in the category of topological vector spaces. For a Tychonoff space X
and a set B of relatively pseudocompact subsets of X , the vector space C(X) endowed
with the topology of uniform convergence on elements of B is a locally convex topological
vector space, the bornological coreﬂection of which is described in [J. Schmets, Espaces de
Fonctions Continues, Lecture Notes in Math., vol. 519, Springer-Verlag, Berlin, Heidelberg,
New York, 1976; J. Schmets, Spaces of Vector-Valued Functions, Lecture Notes in Math.,
vol. 1003, Springer-Verlag, Berlin, Heidelberg, New York, 1983; J. Dontchev, S. Salbany,
V. Valov, Barrelled and bornological function spaces, J. Math. Anal. Appl. 242 (2000) 1–
17; J. Schmets, Spaces of vector-valued continuous functions, in: Proceedings Vector Space
Measures and Applications I, Dublin, 1977, in: Lecture Notes in Math., vol. 644, Springer-
Verlag, Berlin, Heidelberg, New York, 1978, pp. 368–377; J. Schmets, Bornological and
ultrabornological C(X, E) spaces, Manuscripta Math. 21 (1977) 117–133]. If the elements
of B are not supposed to be relatively pseudocompact, then this topology is no longer a
vector topology and the bounded sets do not form a bornology, so the classical theory
on bornologicity cannot be applied to it. The aim of this paper is to extend the duality
between topological and bornological vector spaces to larger classes of objects and,
moreover, apply it to C(X) endowed with three different, natural topologies.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let X be a Tychonoff space endowed with a set B ⊆ 2X that is closed under the formation of ﬁnite unions and contains
only relatively pseudocompact (i.e. every continuous, real valued map on X is bounded on B) subsets of X . Let C(X) be the
set of continuous, real valued maps on X and PB the set of all seminorms on C(X) that are continuous for the topology
deﬁned by the seminorms pB , where B is an element of B and pB( f ) is deﬁned as
sup
x∈B
∣∣ f (x)∣∣.
Extensive research (cf. [6,8,9,11,12]) has been done on the question of what the bornological coreﬂections of the locally
convex vector spaces (C(X),PB) look like.
When the elements of B are not supposed to be relatively pseudocompact, two problems rise. In this case the maps pB
are no longer seminorms (they can attain the value inﬁnity). We can, however, deﬁne pq∞-metrics dB , where
dB( f , g) = sup
x∈B
∣∣ f (x) − g(x)∣∣.
E-mail address: tom.vroegrijk@ua.ac.be.0166-8641/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2009.05.017
T. Vroegrijk / Topology and its Applications 157 (2010) 1558–1568 1559These metrics deﬁne a topology on C(X) which, in general, is not a vector topology. Neighborhoods of 0 do not have to be
absorbing and this means that the multiplication map can fail to be continuous. Furthermore, the sets that are bounded for
all these pq∞-metrics do not form a bornology. It is for example possible to ﬁnd ﬁnite sets with inﬁnite diameter.
In order to capture the behavior of bounded sets in pq∞-metric spaces, pointwise bornological spaces were introduced
in [14]. What we want to do in this paper is to extend the existing duality between topological and bornological vector
spaces and obtain a duality between a suitable category of vector spaces endowed with a topology and a category with
objects that we will call pointwise bornological vector spaces. With this result we will be able to deﬁne bornologicity for a
class of objects that is larger than the class of all locally convex topological vector spaces.
After having deﬁned this broader concept of bornologicity we will characterize the bornological coreﬂections of C(X)
endowed with two different topologies deﬁned by asymmetric pq∞-metrics. Instead of looking at the usual metric on R
we can endow the real line with the topologies deﬁned respectively by the metrics
dˆ(x, y) = (y − x) ∨ 0
and
d˜(x, y) =
{
y − x, x y,
∞, x > y.
The topology deﬁned by the ﬁrst pq∞-metric is the left ray topology and the topology deﬁned by the second one is the
Sorgenfey topology. These pq∞-metrics allow us to deﬁne the following pq∞-metrics on C(X):
dˆB( f , g) = sup
x∈B
dˆ
(
f (x), g(x)
)
and
d˜B( f , g) = sup
x∈B
d˜
(
f (x), g(x)
)
.
From the collections of pq∞-metrics {dˆB | B ∈ B} and {d˜B | B ∈ B} we obtain two topologies on C(X). In the ﬁnal section
we will describe the bornological coreﬂections of the space C(X) endowed with either one of these topologies.
Throughout this text we will use the same categorical terminology as in [1]. For detailed information on topological
vector spaces we refer the reader to [3].
2. Quasiconvex topological spaces
We will in this section deﬁne a category qcTop, the objects of which are vector spaces endowed with a topology that
makes addition and multiplication by positive real continuous maps. In the Introduction we encountered three possible
topologies on the set of real valued continuous maps on a topological space X . The vector space C(X) endowed with one of
these topologies will turn out to be an object of the category qcTop.
The proofs of the following two propositions are similar to those of corresponding theorems in the classical theory of
topological vector spaces, which can be found on pages 14 and 15 of [3].
Proposition 1. A topology on a vector space E makes addition and multiplication by a positive real continuous iff it satisﬁes the
following conditions:
(1) ∀V ∈ V(0) ∀a > 0: aV ∈ V(0),
(2) ∀V ∈ V(0) ∃U ∈ V(0): U + U ⊆ V ,
(3) ∀x ∈ E: V(x) = x+ V(0).
A linear map between vector spaces endowed with such a topology is continuous iff it is continuous in the origin.
Proposition 2. If V is a ﬁlter such that each element of this ﬁlter contains 0 and satisﬁes:
(1) ∀V ∈ V ∀a > 0: aV ∈ V(0),
(2) ∀V ∈ V ∃U ∈ V : U + U ⊆ V ,
then we can deﬁne V(x) as x + V and these are the neighborhood ﬁlters of a topology that makes addition and multiplication by a
positive real continuous.
The pq∞-metrics on C(X) that we encountered in the Introduction can all be derived from generalized seminorms:
Deﬁnition 3. Let E be a vector space. A map p : E → [0,∞] will be called an extended quasinorm iff it satisﬁes the following
conditions:
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(2) p(ax) = ap(x) if 0 a and p(x) < ∞,
(3) p(x+ y) p(x) + p(y).
An extended quasinorm p that satisﬁes p(−x) = p(x) for all x ∈ E will be called an extended seminorm. In general, if p is
ﬁnite we will drop the word extended.
Let us deﬁne the following extended quasinorms on C(X):
(1) pB( f ) = supx∈B | f (x)|,
(2) pˆB( f ) = supx∈B( f (x) ∨ 0),
(3) p˜B( f ) = supx∈B | f (x)〉,
where |y〉 is deﬁned as y if y  0 and inﬁnity otherwise. Clearly, we have that the distances deﬁned by these extended
quasinorms are respectively equal to dB , dˆB and d˜B .
In the classical theory of topological vector spaces there is a nice correspondence between topologies deﬁned by semi-
norms and topologies for which the neighborhood ﬁlter of 0 has a base of absolutely convex sets. For topologies deﬁned by
extended quasinorms we can do something similar using quasiconvex sets.
Deﬁnition 4. A set V ⊆ E will be called quasiconvex iff for all x, y ∈ V and all reals 0  a,b that satisfy a + b  1 holds
ax+ by ∈ V . Clearly, we have that each absolutely convex set is quasiconvex.
Just like each subset of a vector space has an absolutely convex hull, each V ⊆ E has a smallest quasiconvex set in which
it is contained. The proof of the following proposition is straightforward:
Proposition 5. For an arbitrary set V ⊆ E we will denote the set that consists of all elements a1x1 + · · · + anxn, where the values ai
are positive reals that satisfy a1 + · · · + an  1 and all xi are in V , as qc(V ). This set is the smallest quasiconvex set that contains V .
Proposition 6. If V is non-empty and quasiconvex and we deﬁne ηV (x) as the inﬁmum of {b > 0 | x ∈ bV }, then ηV is an extended
quasinorm and the inclusions {ηV < 1} ⊆ V ⊆ {ηV  1} hold.
Proof. This result can be proven in the same way as one proves the correspondence between absorbing, absolutely convex
sets and seminorms. The latter can be found on pages 39 and 40 of [3]. 
We say that a set P of extended quasinorms is an ideal if it is closed under ﬁnite suprema and contains each extended
quasinorm that is smaller than one of its elements. If E is an arbitrary set of extended quasinorms, then we call the
collection P of all extended quasinorms that are smaller than the supremum of a ﬁnite number of elements from E , the
ideal generated by E and E is called a base for P .
Deﬁnition 7. With a given set P of extended quasinorms on a vector space E we can associate a topology on E by deﬁning
the neighborhood ﬁlter V(x) of a point x as the ﬁlter generated by the sets {y | p(y − x) < } where  > 0 and p ∈ P . We
will call such a topology deﬁned by extended quasinorms.
Proposition 8. A topology on a vector space E is deﬁned by extended quasinorms iff the neighborhood ﬁlter V(0) of 0 has a base of
quasiconvex sets and both addition and multiplication by a positive real are continuous.
Proof. The sets {p < }, where p is an element of E and  > 0, are quasiconvex sets that form a base for the neighborhood
ﬁlter of 0. Because we have that a{p < } is equal to {p < a} for an a > 0 and {p < /2} + {p < /2} equals {p < }, we
automatically obtain that multiplication by a positive real and addition are continuous in the origin. Furthermore, the fact
that {y | p(y − x) < } and x+ {y | p(y) < } coincide gives us that V(x) = x+ V(0).
Conversely, if the neighborhood ﬁlter of 0 has a base of quasiconvex sets, then the ideal E generated by {ηV | V ∈ V(0)}
contains only extended quasinorms p for which the sets {p < } are in V(0) and obviously each neighborhood of 0 contains
such a set. Hence the original neighborhood ﬁlter of 0 is equal to the one deﬁned by E . Because both the original topology
and the topology induced by E satisfy the condition V(x) = x+ V(0) we obtain that both topologies coincide. 
Deﬁnition 9. The category of vector spaces endowed with a topology deﬁned by extended quasinorms and continuous
linear maps will be denoted as qcTop. The objects of this category will be denoted as pairs (E,P), where P is the set of all
continuous extended quasinorms on E .
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are ideal bases of extended quasinorms on C(X). We will deﬁne PB , PˆB and P˜B as the sets of extended quasinorms that
are continuous for the topologies deﬁned by these ideal bases. The topologies that are deﬁned by these sets of extended
quasinorms are exactly the three topologies on C(X) that we encountered in the Introduction.
Lemma 10. If E is an ideal of extended quasinorms, then an extended quasinorm q is continuous for the topology deﬁned by E iff there
is some a 0 and a p ∈ E such that q ap.
Proof. This condition is clearly suﬃcient. Conversely, if q is continuous for this topology, then there is a p ∈ E and an  > 0
such that {p  } ⊆ {q 1}. This yields that q (1/)p. 
Proposition 11. A pair (E,P) is an object in qcTop iff P is an ideal that satisﬁes ap ∈ P whenever p ∈ P and a 0.
Proof. That this condition is necessary is clear. Suﬃciency follows from the previous lemma. 
Proposition 12. If (E,P) and (F ,Q) are objects in qcTop, then a linear map f : E → F is continuous iff q ◦ f ∈ P for each q ∈ Q.
Proof. If the topology on F is deﬁned by the seminorms in Q, then each extended quasinorm in this family is continuous
on F . Keeping this in mind it is easy to see that the condition stated above is necessary. To prove that it is also suﬃcient, let
V ⊆ F be a neighborhood of 0. There is some q ∈ Q and  > 0 such that {q < } ⊆ V and thus {q ◦ f < } ⊆ f −1(V ). From
this we get that the image of {q ◦ f < }, which is a neighborhood of 0 in E , is a subset of V and that f is continuous. 
Proposition 13. The category qcTop is topological over Vec.
Proof. Let ( f i : X → (Xi,Pi))i∈I be a structured source in qcTop. Deﬁne P as the ideal generated by the extended quasi-
norms p ◦ f i where p is an element of Pi . This makes (X,P) an object of qcTop. By deﬁnition we have that each map
f i : (X,P) → (Xi,Pi) is continuous. Moreover, if f : (F ,Q) → (E,P) is a continuous linear map, then p ◦ f i ◦ f ∈ Q for all
p ∈ Pi and thus we obtain that f is a continuous map and that P is the structure that makes the given source initial. 
Since each absolutely convex set is also quasiconvex we have that all locally convex topological vector spaces are objects
in qcTop. We will now give necessary and suﬃcient conditions for an object (E,P) to be a locally convex topological vector
space and describe how this subcategory is embedded in qcTop.
Proposition 14. Let (E,P) be an object in qcTop. The following statements are equivalent:
(1) the topology deﬁned by P is a locally convex vector topology,
(2) the multiplication map is continuous,
(3) the neighborhood ﬁlter of 0 has a base of absorbing, symmetric sets,
(4) P has a base that consists of seminorms.
Proof. The second statement is by deﬁnition a consequence of the ﬁrst one.
Suppose that the second statement is true and take a neighborhood V of 0 and an x ∈ E . Since multiplication is con-
tinuous there is an  > 0 such that [−, ]x ⊆ V . Because we can do this for arbitrary elements in E we obtain that V is
absorbing. Furthermore, we have that the map x → −x is continuous and thus that there is a neighborhood W of 0 such
that W ⊆ −V . This yields that −V is itself a neighborhood of 0 and that −V ∩ V is a symmetric neighborhood of 0 that is
contained in V .
If we assume that the third condition is true and take an extended quasinorm p ∈ P , then there is a symmetric and
absorbing neighborhood W of 0 such that W ⊆ {p  1}. The set qc(W ) is equal to the absolutely convex hull of W and is
again contained in {p  1}. The extended quasinorm ηqc(W ) is in fact a seminorm in P and p  ηqc(W ) . Hence we obtain
that P has a base of seminorms.
That an ideal of seminorms generates a locally convex vector topology is well known. 
Deﬁnition 15. An object in qcTop will be called extended quasinormable iff its topology is deﬁned by an extended quasi-
norm p. Such an object will be denoted as (E, p).
Proposition 16. The subcategory of extended quasinormable objects in qcTop is initially dense.
Proof. Let (E,P) be an object in qcTop. It is easy to see that the source that consists of all maps 1E : (E,P) → (E, p), with
p ∈ P , is initial. 
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Proof. Let (E,P) be an object in qcTop. Deﬁne P ′ as the ideal generated by all seminorms that are in P . By deﬁnition we
have that 1E : (E,P) → (E,P ′) is a continuous map. Let (F ,Q) be locally convex object in qcTop and f : (E,P) → (F ,Q)
a continuous linear map. For each q ∈ Q there is a seminorm q′ ∈ Q such that q  q′ . Now q′ ◦ f is a seminorm on E
and contained in P . This implies that q′ ◦ f , and therefore q ◦ f , is an element of P ′ and that f : (E,P ′) → (F ,Q) is
continuous. 
Proposition 18. The full subcategory of qcTop that consists of all locally convex topological vector spaces is monocoreﬂective.
Proof. Let (E,P) be an object in qcTop. Deﬁne Elc as the set that contains all x ∈ E for which both p(x) and p(−x) are
ﬁnite for each p ∈ P . The set Plc will be deﬁned as the ideal generated by the restrictions of the extended quasinorms
p ∨ p(− .) to Elc , where p is an element of P . By deﬁnition of Elc we have that these extended quasinorms are in fact
seminorms and it is clear that (Elc,Plc) ↪→ (E,P) is a continuous map. Suppose (F ,Q) is a locally convex object in qcTop
and f : (F ,Q) → (E,P) is a continuous linear map. Take an element p ∈ P . We can ﬁnd a seminorm q ∈ Q such that
p ◦ f  q. Because q is a seminorm this yields that f (F ) is a subset of Elc and that (p∨ p(− .)) ◦ f  q. From this we obtain
that f : (F ,Q) → (Elc,Plc) is a continuous linear map. 
3. Quasiconvex pointwise bornological spaces
For a metric space (X,d) the set of subsets B of X that are contained in a ball with ﬁnite radius is a bornology. If we
take a pq∞-metric space however, then a subset B of X can be contained in a ball with ﬁnite radius and center x, while it
is impossible to ﬁnd a ball with ﬁnite radius and center y that contains B . Boundedness in this case becomes a concept that
is relative to a point. Take for example the real line R with the metric d˜ that we saw in the Introduction. The interval [0,1]
is contained in a ball with radius 1 and center 0, but we cannot ﬁnd a ball with ﬁnite radius and center 1 that contains this
interval. To overcome this problem the concept of pointwise bornological spaces was introduced in [14].
Deﬁnition 19. A map β from a set X into the set of ideals in 2X will be called a pointwise bornology iff it satisﬁes:
(P1) {x} ∈ β(x),
(P2) ({y} ∈ β(x), A ∈ β(y)) ⇒ A ∈ β(x).
If β is a pointwise bornology, then the pair (X, β) will be called a pointwise bornological space. An element of β(x) will be
called bounded according to x. A map f from X to Y is called a bounded map from (X, β) to (Y , β ′) if f (A) ∈ β( f (x)) for all
A ∈ β(x).
Example 20. Let (X,d) be a pq∞-metric space. If we deﬁne βd(x) as the collection of all subsets of X that are contained in
a ball with ﬁnite radius and center x, then βd is a pointwise bornology.
Example 21. For a quasiuniform space (X,U) (see [7]) we can deﬁne a pointwise bornology βU for which βU (x) contains
all subsets A of X that satisfy
∀U ∈ U ∃n ∈ N: A ⊆ Un(x).
In fact, a set A is in βU (x) iff it is in βd(x) for each uniformly continuous pq∞-metric d.
Example 22. If G is a topological group and we deﬁne βG(x) as the set that contains all subsets A of G that satisfy the
condition that for each neighborhood V of the neutral element e there is an n ∈ N for which A ⊆ xV n , then βG is a
pointwise bornology on G .
Example 23. An approach space (X,G) (see [13]) can be endowed with a pointwise bornology βG . Here we deﬁne βG(x) as
the set of all subsets A of X that are in βd(x) for each pq∞-metric in the gauge G .
Deﬁnition 24. A vector space E endowed with a pointwise bornology will be called a pointwise bornological vector space iff
addition and multiplication by a positive real are bounded maps.
Proposition 25. A vector space endowed with a pointwise bornology β is a pointwise bornological vector space iff it satisﬁes:
(1) ∀B ∈ β(0) ∀a 0: aB ∈ β(0),
(2) ∀B ∈ β(0): B + B ∈ β(0),
(3) ∀x ∈ E: β(x) = x+ β(0).
T. Vroegrijk / Topology and its Applications 157 (2010) 1558–1568 1563Proof. The ﬁrst condition just says what it means if multiplication by a positive real is bounded. If addition is bounded and
B ∈ β(0), then B × B is bounded according to (0,0) in E × E and therefore B + B is bounded according to 0. Now {x} × B
is bounded according to (x,0) and thus x+ B is in β(x). In a similar way we obtain that −x+ B is in β(0) if B ∈ β(x).
Suppose that these conditions hold and that we have x+ B ∈ β(x) and y+ B ′ ∈ β(y). The set (x+ B)+ (y+ B ′), which is
equal to (x+ y) + (B + B ′), is in β(x+ y) since B ∪ B ′ is in β(0) and B + B ′ ⊆ (B ∪ B ′) + (B ∪ B ′). This means that addition
is bounded. 
Proposition 26. If B is an ideal in 2E that contains {0} and satisﬁes:
(1) ∀B ∈ B ∀a 0: aB ∈ B,
(2) ∀B ∈ B: B + B ∈ B,
then we can deﬁne β(x) as x+ B and β makes E a pointwise bornological vector space.
Proof. We only need to prove that β is a pointwise bornology. Take {y} ∈ β(x) and B ∈ β(y). We have that both {y − x}
and A − y are in β(0) and thus (A − y) + (y − x) ∈ β(0). This implies that A ∈ β(x) and β is a pointwise bornology. 
Proposition 27. A linear map f : (E, β) → (F , β ′) between pointwise bornological vector spaces is bounded iff f (B) ∈ β ′(0) for all
B ∈ β(0).
Proof. This condition is clearly necessary. It is however also suﬃcient. Take x + B ∈ β(x). The set f (x + B) is equal to
f (x) + f (B) and is therefore an element of f (x) + β ′(0) and thus of β ′( f (x)). 
Deﬁnition 28. A pointwise bornological vector space will be called quasiconvex iff β(0) has a base of quasiconvex sets or,
equivalently, qc(B) is in β(0) if B ∈ β(0).
Proposition 29. The category qcBor of quasiconvex pointwise bornological vector spaces and bounded linear maps is topological
over Vec.
Proof. Let ( f i : E → (Ei, βi))i∈I be a structured source and deﬁne β(x) as the set of all subsets A ⊆ E for which f i(A) ∈
βi( f i(x)) for all i ∈ I . The pair (E, β) is a pointwise bornological space. Take B ∈ β(0) and a  0. We have that f i(aB) is
in βi(0) for all i ∈ I since it is equal to afi(B). Hence aB is in β(0). Because f i(B + B) is equal to f i(B) + f i(B) we obtain
that B + B is in β(0). A set B is in β(x) iff f i(B − x) ∈ βi( f i(0)) for all i ∈ I or, equivalently, B − x ∈ β(0). This yields that
β(x) equals x + β(0). So we have that (E, β) is a pointwise bornological vector space. Finally, if we take an element A
of β(0), then f i(qc(A)), being equal to qc( f i(A)), is in βi(0) for all i ∈ I . This means that (E, β) is an object in qcBor. 
Deﬁnition 30. If p is an extended quasinorm on E , then (E, βdp ) is a quasiconvex pointwise bornological vector space. Such
an object of qcBor will be called deﬁned by an extended quasinorm.
Proposition 31. The objects that are deﬁned by an extended quasinorm are ﬁnally dense in the category of quasiconvex pointwise
bornological vector spaces and bounded linear maps.
Proof. Let B be a quasiconvex set in β(0). The identity map from E endowed with the pointwise bornology βηB to E is a
bounded linear map. Because each element of β(0) is contained in a quasiconvex element of β(0) we get that the sink that
consists of all these maps is ﬁnal. 
In [4] and [5] a vector space endowed with a bornology that is closed under the formation of absolutely convex hulls
and for which addition and scalar multiplication are bounded is called an absolutely convex bornological vector space. This
category is a concretely reﬂective and monocoreﬂective subcategory of qcBor.
Proposition 32. The category of absolutely convex bornological vector spaces is concretely isomorphic to the subcategory of qcBor
that contains all objects (E, β) for which β(0) has a base of absolutely convex sets and β(x) = β(y) for all x and y.
Proof. With each absolutely convex bornological vector space (E,B) we can associate an object (E, βB) in qcTop by deﬁning
βB(x) as B for each x ∈ E . This deﬁnes a pointwise bornology and, moreover, the object (E, βB) is a pointwise bornological
vector space. Because an absolutely convex set is quasiconvex we obtain that βB(0) has a base of quasiconvex elements
and that (E, βB) is an object in qcBor. It is clear that this association is functorial and deﬁnes an embedding onto the
subcategory of qcBor that contains all objects (E, β) for which β(0) has a base of absolutely convex sets and β(x) = β(y)
for all x and y. 
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spaces do in qcTop. In both cases they are exactly the objects for which the multiplication map is a morphism.
Proposition 33. Let (E, β) be an object in qcBor. The following are equivalent:
(1) (E, β) is an absolutely convex bornological vector space,
(2) β(0) contains all singletons and has a base of absolutely convex sets,
(3) the multiplication map is bounded.
Here we endow the real line with the pointwise bornology deﬁned by the Euclidean metric. With this structure R is a quasiconvex
pointwise bornological vector space.
Proof. If (X, β) is an absolutely convex bornological vector space, then we know that β(x) = β(0) for all x ∈ E and therefore
that {x} is in β(0) for each element x. Conversely, if the second statement is true, then each β(x) contains all singletons.
This yields that if A ∈ β(x), we also have {x} ∈ β(y) and thus A ∈ β(a), which allows us to conclude that β(x) = β(y) for
all x and y.
Now suppose that the second statement is true and take x + A in β(x) and [a − n,a + n] ⊆ R. Since β(0) has a base of
absolutely convex sets we can assume that A itself is absolutely convex. We want to prove that the set [a− n,a+ n](x+ A)
is bounded according to ax. This set is equal to ax+ [−n,n]x+ [a− n,a+ n]A. Because A is absolutely convex we have that
[a−n,a+n]A is equal to |a|A+nA and the latter is an element of β(0). We assumed that β(0) contained all singletons. This
yields that {nx} is bounded according to 0 and because β(0) has a base of absolutely convex sets we obtain that [−nx,nx]
is in β(0). We can now conclude that [a−n,a+n](x+ A) is indeed an element of β(ax) and that the multiplication map is
bounded.
On the other hand, if the multiplication map is bounded and x is an element of E , then we have that [−1,1]x is bounded
according to 0 and therefore that {x} is too. Now take A ∈ β(0). This automatically yields that −A, and therefore −A ∩ A, is
bounded according to 0. The quasiconvex hull, however, of −A ∩ A is equal to the absolutely convex hull of A and thus we
obtain that the latter is an element of β(0). 
Proposition 34. The subcategory of absolutely convex bornological vector spaces is monocoreﬂective in qcBor.
Proof. Let (E, β) be an object in qcBor and deﬁne Eac as the set of all x ∈ E for which {−x, x} is in β(0). Furthermore,
we deﬁne βac(x) for an x ∈ Eac as {x + A | ac(A) ∈ β(0)}. The pair (Eac, βac) is an object in qcBor. By deﬁnition we have
that β(0) contains all singletons and has a base of absolutely convex sets, so (Eac, βac) is an absolutely convex bornological
vector space. It is clear that the embedding (Eac, βac) ↪→ (E, β) is a bounded map. Suppose that (F , β ′) is an absolutely
convex bornological vector space and that f : (F , β ′) → (E, β) is a bounded map. For each y ∈ F we have {−y, y} ∈ β ′(0)
and f is bounded, so {− f (y), f (y)} is in β(0) and f (y) is an element of Eac . Finally, if B ∈ β ′(0), then ac( f (B)) is equal
to f (ac(B)) and thus an element of βac(0). From this we obtain that f : (F , β ′) → (Eac, βac) is a bounded linear map. 
Proposition 35. The subcategory of absolutely convex bornological vector spaces is concretely reﬂective in qcBor.
Proof. Deﬁne for a quasiconvex pointwise bornological vector space (E, β) the pointwise bornology βˆ such that each βˆ(x)
is equal to the set that consists of all subsets of absolutely convex hulls of ﬁnite unions of elements in
⋃
x∈E β(x). The pair
(E, βˆ) is an absolutely convex bornological vector space and 1E : (E, β) → (E, βˆ) is a bounded linear map. Let f : (E, β) →
(F , β ′) be a bounded linear map and B an element of βˆ . B is a subset of some set ac(B1 ∪ · · · ∪ Bn), where each Bk is in⋃
x∈E β(x). All sets f (Bk) are in β ′(0) because β ′ is bornological. Since f (B) ⊆ ac( f (B1) ∪ · · · ∪ f (Bn)) this yields that f (B)
is in β ′(0). This gives us that f : (E, βˆ) → ( f , β ′) is a bounded linear map. 
4. Duality
The set of all seminorms that are bounded on the elements of a vector bornology deﬁnes a locally convex vector topology.
A locally convex topological vector space is called bornological if its topology can be obtained in this way. These bornolog-
ical spaces form a concretely coreﬂective subcategory of the category of locally convex topological vector spaces and is,
moreover, equal to the ﬁnal hull of all seminormable spaces.
In our setting we have a similar situation. We will construct a pair of adjoint functors between qcTop and qcBor that
will allow us to deﬁne bornological objects in the former category. The subcategory that contains these objects will turn
out to be coreﬂective subcategory of qcTop that is equal to the ﬁnal hull of all extended quasinormable spaces.
Proposition 36. Let (E,P) be an object in qcTop. If we deﬁne βP as the pointwise bornology for which a set A is bounded according
to x iff for each extended quasinorm it is contained in a ball with ﬁnite radius and center x, then βP is a quasiconvex pointwise vector
bornology.
T. Vroegrijk / Topology and its Applications 157 (2010) 1558–1568 1565The proof of this proposition is straightforward. The next lemma follows from Proposition 10.
Lemma 37. If E is a base for P , then A ∈ βP (x) iff for each extended quasinorm in E the set A is contained in a ball with ﬁnite radius
and center x.
Proposition 38. The association of P to βP deﬁnes a concrete functor P from qcTop to qcBor.
Proof. Suppose f : (E,P) → (F ,Q) is a morphism in qcTop and take B ∈ βP (0). For a q ∈ Q we have that q ◦ f is in P and
thus there is an R  0 such that q ◦ f (B) < R . This yields that q( f (B)) R , so we can conclude that f (B) is in βQ(0) and
that f is bounded. 
Proposition 39. Let (E, β) be an object in qcBor. Let Pβ denote the set of all extended quasinorms that are bounded on all elements
of β(0), then (E,Pβ) is an object in qcTop.
Proof. It is clear that Pβ is closed under ﬁnite suprema. Suppose q is continuous for this topology, then there is a p ∈ P
and a 0 such that q ap. From this we obtain that q is bounded on all sets in β(0) and that q is an element of P . 
Proposition 40. The association of β to Pβ deﬁnes a concrete functor T from qcBor to qcTop.
Proof. Let (E, β) and (F , β ′) be objects in qcBor. Suppose f : (E, β) → (F , β ′) is a morphism and q is an element of Pβ ′ .
For a B ∈ β(0) we have that f (B) is in β ′(0) and thus that q is bounded on f (B). This implies that q ◦ f is bounded on B
and that it is an element of Pβ . 
Proposition 41. The functor P is adjoint to T .
Proof. Let (E, β) be an object in qcBor. Take a B in β(0) and a p ∈ Pβ . By deﬁnition p is bounded on B , so we obtain that
the identity map from (E, β) to (E, βPβ ) is bounded. Now suppose that (F ,Q) is an object in qcTop. Let f be a morphism
in qcBor from (E, β) to (F , βQ). By deﬁnition we have that f (B) is in βQ(0) if B is in β(0). This yields that q◦ f is bounded
on all elements of β(0) for each q ∈ Q and that f is a continuous map from (E,Pβ) to (F ,Q). 
Deﬁnition 42. An object (E,P) in qcTop will be called bornological iff there is a quasiconvex pointwise bornology β on E
such that (E,P) is equal to T (E, β).
Proposition 43. The subcategory of qcTop of bornological objects is concretely coreﬂective and contains all objects (E,P) for which
P is equal to PβP .
Proof. First of all we have by deﬁnition that (E,P) is bornological if P = PβP . Conversely, if (E,P) is bornological, then P
is equal to some Pβ for some quasiconvex pointwise bornology β . Now take a p ∈ PβP . This p is bounded on all elements
of βPβ (0) and therefore bounded on all elements of β(0). This yields that p is in Pβ and thus in P .
It is clear that 1E : (E,PβP ) → (E,P) is a morphism in qcTop. If the map f : (F ,Pβ ′ ) → (E,P) is bounded and (F , β ′)
is an object in qcBor, then we have that p ◦ f is bounded on all elements of β ′(0) for each p ∈ P . This implies that
f : (F , β ′) → (E, βP ) is bounded and thus that f : (F ,Pβ ′ ) → (PβP ) is continuous. Hence (E,PβP ) is the bornological core-
ﬂection of (E,P). 
Proposition 44. Each extended quasinormable object in qcTop is bornological and the ﬁnal hull of these objects is exactly the subcat-
egory of bornological objects.
Proof. Suppose that q is bounded on all elements of βp(0) where p is some extended quasinorm on E . Because there is
some R  0 for which we have that {p  1} ⊆ {q  R} we get q  Rp and thus we have that q is continuous on E . Now
we know that each extended quasinormable space is bornological and that T (E, βp) equals (E, p). Since the subcategory
of bornological objects is concretely coreﬂective we have that it is also ﬁnally closed. An object in the ﬁnal hull of the
subcategory of extended quasinormable spaces is therefore always bornological. On the other hand we have that if (E,P) is
bornological, there is some (E, β) in qcBor such that T (E, β) is equal to (E,P). Because the objects that are deﬁned by an
extended quasinorm are ﬁnally dense in qcBor and T preserves ﬁnal sinks and maps objects in qcBor that are deﬁned by an
extended quasinorm to extended quasinormable objects in qcTop, we get that (E,P) is in the ﬁnal hull of the subcategory
of all extended quasinormable objects in qcTop. 
A locally convex topological vector space is bornological iff each seminorm that is bounded on all bounded sets is
continuous. For objects in qcTop we have the following result:
1566 T. Vroegrijk / Topology and its Applications 157 (2010) 1558–1568Proposition 45. A locally convex topological vector space (E,P) in qcTop is bornological iff each seminorm q that is bounded on
all elements of βP (0) is in P . This implies that our concept of bornologicity coincides with the original one for locally convex vector
spaces.
Proof. It is clear that this condition is necessary. Now suppose that this condition is true and take an extended quasinorm q
that is bounded on all elements of βP (0). Since each singleton is in βP (0) we obtain that q does not attain the value inﬁnity.
Because (E,P) is locally convex we have that q(− .), and therefore q ∨ q(− .), is also bounded on all elements of βP (0).
Now q ∨ q(− .) is a seminorm that is in PβP and by assumption an element of P . This of course implies that q itself is
in P . 
Lemma 46. The locally convex reﬂection of an extended quasinormable object (E, p) for which {x ∈ E | p(x) < ∞} generates the
space E, is seminormable.
Proof. Denote {p  1} as V . Because {x ∈ E | p(x) < ∞} generates E we have that ac(V ) is absorbing. Let q be a seminorm
that is continuous on E . We can ﬁnd an a  0 such that q  ap. This implies that ac(V ) is a subset of {q  a} and that
q aηac(V ) . So the locally convex reﬂection of (E, p) is deﬁned by the seminorm ηac(V ) . 
Proposition 47. If an object (E,P) in qcTop is bornological, then its locally convex reﬂection is too.
Proof. An object (E,P) is bornological iff it is in the ﬁnal hull of the subcategory of all extended quasinormable spaces. Let
( f i : (Ei, pi) → (E,P))i∈I be this ﬁnal sink. Deﬁne Fi as the subspace of Ei generated by {x ∈ Ei | pi(x) < ∞}. Because we
have that a linear map f ◦ f i : (Ei, pi) → (F ,Q) is continuous iff f ◦ f i |Fi : (Fi, pi) → (F ,Q) is continuous we obtain that the
sink ( f i |Fi : (Fi, pi) → (E,P))i∈I is ﬁnal. Because of the previous lemma we know that the locally convex reﬂection of the
objects (Fi, pi) are seminormable spaces, so the object (E,P) is bornological. 
5. Function spaces
Now that we have established a notion of bornologicity that is broader than the original one we can ﬁnd out what the
bornological coreﬂections are of the spaces (C(X),PB), (C(X), PˆB) and (C(X), P˜B). We will ﬁrst characterize the bornolog-
ical coreﬂection of (C(X),PB) and use this information to ﬁnd the bornological coreﬂections of the other spaces. The
following proposition shows us that we ﬁrst need to ﬁnd the bornological coreﬂection of the locally convex topological vec-
tor space (CB(X),PB), where CB(X) is the set of all continuous, real valued maps on X that are bounded on all elements
of B, to obtain the bornological coreﬂection of (C(X),PB).
Proposition 48. An extended quasinorm q is continuous on the bornological coreﬂection of (C(X),PB) iff its restriction to CB(X) is
continuous on the bornological coreﬂection of this subspace.
Proof. That this condition is necessary follows from the fact that a coreﬂector preserves embeddings.
The other way around, if A is bounded according to 0 in C(X), then it is a subset of CB(X). If this were not the case,
then we could ﬁnd an element in f ∈ A that is unbounded on a set B ∈ B. This is impossible, since this would imply that
{ f } is not bounded according to 0. From this we obtain that each extended quasinorm for which the restriction to CB(X) is
continuous on the bornological coreﬂection of this subspace is automatically continuous on the bornological coreﬂection of
the entire space. 
In order to characterize the bornological coreﬂection of CB(X) we will construct a Tychonoff space υB(X) in which
X is densely embedded and that has the property that (C(υB(X)),PB) and (CB(X),PB) are isomorphic locally convex
topological vector spaces. First we need the following lemma, the proof of which can be found in [2].
Lemma 49. Let C be a subset of C(X). The set {x ∈ β(X) | ∀ f ∈ C : f β(x) = ∞} is a realcompactiﬁcation of X . Here β(X) is the Cˇech–
Stone compactiﬁcation of X and f β is the unique map from β(X) to the one-point compactiﬁcation of R that satisﬁes the condition
that its restriction to X is equal to f .
Deﬁnition 50. υB(X) will denote the set {x ∈ β(X) | ∀ f ∈ CB(X): f β(x) = ∞}. By the previous lemma this set is a realcom-
pact space in which X is dense. It is clear that each f ∈ CB(X) has a unique continuous real valued extension f υ to υB(X)
and that this extension is equal to the restriction of f β to υB(X).
If B is the set of all relatively pseudocompact subsets of X , then each continuous, real valued map is automatically an
element of CB(X). This means that in this case, the set υB(X) is equal to the Hewitt realcompactiﬁcation of X , commonly
denoted as υ(X). It is a well-known fact that the relatively pseudocompact subsets of X are relatively compact in υ(X). In
our setting we have a similar result. The proof is completely analogous.
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Each element of CB(X) can be extended to a continuous, real valued map on υB(X). This induces a linear, injective map
from CB(X) to C(υB(X)) which is onto, since from the previous proposition we obtain that the restriction of an element
in C(υB(X)) to X is bounded on all elements of B. Because pB( f ) equals pB( f υ) we get the following proposition:
Proposition 52. The locally convex topological vector spaces (CB(X),PB) and (C(υB(X)),PB) are isomorphic.
Deﬁnition 53. A sequence of open subsets of υB(X) is called B-ﬁnite if this sequence meets each element of B only a ﬁnite
number of times. A subset B of υB(X) is called B-bounded iff each B-ﬁnite sequence of open sets meets B only a ﬁnite
number of times. The set that consists of all subsets of υB(X) that are B-bounded will be denoted as Bυ .
In [6] we ﬁnd that if D is a set of relatively pseudocompact subsets of a realcompact space Y that is closed under ﬁnite
unions, the topology of the bornological coreﬂection of (C(Y ),PD) is deﬁned by the seminorms pD , where D is an D-ﬁnite
subset of Y . Since υB(X) is realcompact we obtain:
Proposition 54. The bornological coreﬂection of the locally convex topological vector space (C(υB(X)),PB) is equal to
(C(υB(X)),PBυ ).
Let B be a subset of υB(X). We deﬁne the extended quasinorm pB on C(X) such that pB( f ) is equal to supx∈B | f υ(x)|.
We will denote the set of all extended quasinorms that are continuous for the topology deﬁned by the set of seminorms
{pB | B ∈ Bυ } as PBυ .
Corollary 55. The bornological coreﬂection of (CB(X),PB) is equal to (CB(X),PBυ ).
Proof. If we combine the results from Proposition 52 with the previous proposition, then we obtain that (CB(X),PBυ ) is
the bornological coreﬂection of (CB(X),PB). 
Deﬁnition 56. For a subset B of υB(X) we deﬁne the extended quasinorm qB on C(X) such that qB( f ) is equal to pB( f )
for all f ∈ CB(X) and inﬁnity otherwise. The set of all extended quasinorms that are continuous for the topology deﬁned
by {qB | B ∈ Bυ } will be denoted as QBυ .
Corollary 57. The bornological coreﬂection of (C(X),PB) is equal to (C(X),QBυ ).
Proof. From Proposition 48 we obtain that an extended quasinorm q is continuous on the bornological coreﬂection of
(C(X),PB) iff its restriction to CB(X) is continuous on the bornological coreﬂection of this subspace. This is true if and
only if there is an a 0 and a B ∈ Bυ such that q aqB or, equivalently, q is an element of QBυ . 
We can now use this result to construct the bornological coreﬂections of the objects (C(X), PˆB) and (C(X), P˜B).
Deﬁnition 58. qˆB will denote the extended quasinorm on C(X) that is equal to pˆB on the subspace CB(X) and inﬁnity on
the rest. The set of all extended quasinorms that are continuous for the topology deﬁned by {qˆB | B ∈ Bυ } will be denoted
as QˆBυ .
Proposition 59. The bornological coreﬂection of (C(X), PˆB) is equal to (C(X), QˆBυ ).
Proof. Take a B ∈ Bυ and an A ⊆ C(X) that is bounded according to 0. We know that A ∨ 0 := {a ∨ 0 | a ∈ A} is bounded
according to 0 in (C(X),PB) and that pB is therefore bounded on A ∨ 0. This yields that pB(. ∨ 0) is bounded on A and
that the latter is continuous on the bornological coreﬂection of (C(X), PˆB).
Conversely, if q is an extended quasinorm on C(X) that bounded on all subsets that are bounded according to 0 in
(C(X), PˆB), then q( f ) = 0 for each f  0. From this we obtain:
q( f ) q( f ∧ 0+ f ∨ 0)
 q( f ∧ 0) + q( f ∨ 0)
= q( f ∨ 0).
Each A that is bounded according to 0 in (C(X),PB) is also bounded according to 0 in (C(X), PˆB) and thus we have that
q is an element of QBυ . This implies that we can ﬁnd a B ∈ Bυ and an a  0 such that q  aqB . From this we obtain that
q q(. ∨ 0) aqB(. ∨ 0) and that q is in QˆB . 
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such that z = zx + zy , zx  x and zy  y.
Proof. This theorem can be found in [10, p. 73]. 
Deﬁnition 61. The extended quasinorm q˜B is deﬁned as the map that sends an f ∈ C(X) to qB( f ) if f  0 and f is in CB(X)
and to inﬁnity otherwise. The set of all extended quasinorms that are continuous for the topology deﬁned by {q˜B | B ∈ Bυ }
will be denoted as Q˜Bυ .
Proposition 62. The bornological coreﬂection of (C(X), P˜B) is equal to (C(X), Q˜Bυ ).
Proof. If A is bounded according to 0 in (C(X), P˜B), then it is a subset of the positive cone and also bounded according
to 0 in (C(X),PB). This yields that for each B ∈ Bυ we have that q˜B is bounded on A.
Let now q be an extended quasinorm on C(X) that is bounded on all sets that are bounded according to 0 in (C(X), P˜B).
Deﬁne q′( f ) as
sup
0g| f |
q(g).
This is again an extended quasinorm. By deﬁnition we have that q′(0) = 0 and q′(af ) = aq′( f ) if a  0 and q′( f ) < ∞.
Moreover, if we take two functions f1 and f2 and 0  g  | f1 + f2|, then we have 0  g  | f1| + | f2| and thus we can
ﬁnd, by using Lemma 60, functions g1 and g2 such that g = g1 + g2, 0  g1  | f1| and 0  g2  | f2|. Now we have
q(g) q(g1) + q(g2) and therefore q′( f1 + f2) q′( f1) + q′( f2). This extended quasinorm is an element of QBυ , because if
A is bounded according to 0 in (C(X),PB), then A′ := {g | ∃ f ∈ A: 0 g  | f |} is bounded according to 0 in (C(X), P˜B).
This yields that we can ﬁnd a B ∈ Bυ and an a  0 such that q′  aqB . Because for each f  0 we have q( f )  q′( f ) we
obtain q aq˜B . This implies that q is an element of Q˜Bυ . 
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